Systems near to quantum critical points show universal scaling in response to external probes. We consider whether this scaling is reflected in their out-of-equilibrium fluctuations. We study current noise in the metallic state at the z 1 quantum critical point between a superconductor and an insulator in two dimensions. Using a Boltzmann-Langevin approach within a 1=N expansion, we show that the current noise obeys a universal scaling form S j TT=T eff E, with T eff / E p . This treatment recovers Johnson noise in thermal equilibrium and S j / E p at strong electric fields. The latter differs significantly from both the shot noise in conventional metals (diffusive Fermi liquids) and the free carrier result, due to strong correlations between the critical bosonic excitations. Current-noise measurements could therefore help clarify the physics of the destruction of superconductivity in thin film superconductors. DOI: 10.1103/PhysRevLett.97.227003 PACS numbers: 74.78.ÿw, 72.15.Rn, 72.90.+y, 74.40.+k The transition from superconducting to insulating (or metallic) behavior at zero temperature has received extensive experimental and theoretical attention over the past two decades. A wide range of physical systems-from thin films of conventional superconductors to cuprate hightemperature superconductors and bosonic atoms in optical lattices -may be tuned through a continuous transition out of their superfluid state upon varying a system parameter at low temperature. These transitions may be understood as a continuous, zero-temperature, or quantum phase transition of bosonic degrees of freedom (e.g., Cooper pairs), whose localization leads to an insulating state. Many important quantities are universal at a continuous transition, i.e., independent of material parameters and computable within a continuum field theory [1] . One such quantity is conductivity. This is a dimensionless quantity in two spatial dimensions and is expected to take on a universal value [2, 3] . Thus, a metallic state is expected to be sandwiched between the superconducting and insulating statesalthough this occurs at a point rather than over a region of the phase diagram. In contrast to the usual origin of metallic conduction from diffusive fermions, the metallic state here is composed of critical bosons. It is interesting to compare and contrast the behaviors of these two metallic states.
The transition from superconducting to insulating (or metallic) behavior at zero temperature has received extensive experimental and theoretical attention over the past two decades. A wide range of physical systems-from thin films of conventional superconductors to cuprate hightemperature superconductors and bosonic atoms in optical lattices -may be tuned through a continuous transition out of their superfluid state upon varying a system parameter at low temperature. These transitions may be understood as a continuous, zero-temperature, or quantum phase transition of bosonic degrees of freedom (e.g., Cooper pairs), whose localization leads to an insulating state. Many important quantities are universal at a continuous transition, i.e., independent of material parameters and computable within a continuum field theory [1] . One such quantity is conductivity. This is a dimensionless quantity in two spatial dimensions and is expected to take on a universal value [2, 3] . Thus, a metallic state is expected to be sandwiched between the superconducting and insulating statesalthough this occurs at a point rather than over a region of the phase diagram. In contrast to the usual origin of metallic conduction from diffusive fermions, the metallic state here is composed of critical bosons. It is interesting to compare and contrast the behaviors of these two metallic states.
Although revealing, conductivity alone cannot distinguish between the diffusive fermionic and critical bosonic metals. Two recent works of Dalidovich and Philips [4] and Green and Sondhi [5] have extended the analysis of the superconductor to insulator quantum phase transition to see whether universality persists out of equilibrium. Surprisingly, it does, at least in transport. The vanishing energy scales at the critical point lead to universal nonlinear conductivity even when the system is driven away from thermal equilibrium by the application of a strong electric field. Unfortunately, for the two-dimensional superconductor to insulator (SI) transition, this nonlinearity in conductivity is trivial (the conductivity is linear even at high fields, although of a different magnitude to the linear response value) and does not provide a clear differentiation between the two metallic phases.
In this work, we consider another experimentally measurable quantity -current noise. We demonstrate that the high-field noise power of the critical bosonic metal shows a qualitative difference from that in an ordinary metal [6] . Hence, noise measurements allow a simple, sharp distinction between the critical point of the SI transition and an ordinary metal and can inform debates over whether metallic resistivity near the SI transition indicates a conventional metallic phase or a broadened quantum phase transition. Measurements of current fluctuations are usually restricted to mesoscopic samples in order that the relative fluctuations of current be significant; such samples have relatively few conducting channels giving a total conductance of order the conductance quantum e 2 =h. Quantum critical systems may also satisfy this criterion. For example, at the two-dimensional SI transition, the conductance is also of order the conductance quantum [2 -5] .
Our results, obtained using a Boltzmann-Langevin equation [7, 8] within a 1=N expansion, are as follows: In thermal equilibrium, we recover Johnson noise with noise power S j 4T, in accord with the equilibrium fluctuation-dissipation relation. This crosses over at very large electric fields to S j / E p . This is strongly suppressed from the usual shot-noise result of S j / j / E due to the strong correlations at the quantum critical point. Between these two limits, the current noise obeys a universal scaling form S j TT eff E=T.
The rest of this Letter is organized as follows: We begin by briefly outlining the reasons for seeking a BoltzmannLangevin description of the current noise at the SI transition. After this, we turn to the main part of our calculation.
We outline the field-theoretical formulation of the particlehole symmetric, bosonic, superfluid to insulator transition and how a Boltzmann equation for transport may be obtained from it. We then summarize the scaling of the resulting distribution function in thermal equilibrium and in the high-field regime. Next, we introduce the Boltzmann-Langevin equation. We show how the scaling of the distribution function leads to a current noise that crosses over from Johnson noise at low fields to an unusual, but universal, E p dependence in the strong-field limit. Finally, we turn to a discussion of the interpretation and experimental implications of these results.
The Boltzmann-Langevin equation [7, 8] has been used extensively in the study of current noise in fermionic systems. This ''kinetic theory of fluctuations'' approach gives the correct leading noise correlations in the diffusive metal but needs to be modified for higher moments [9] . Its main advantage is that it allows a unified treatment of the Johnson-and shot-noise regimes. When a strongly interacting system is driven out of thermal equilibrium, its current fluctuations cannot be neatly identified as Johnson noise or shot noise. Classification as Johnson noise is problematic, because out-of-equilibrium systems do not satisfy the usual fluctuation-dissipation relationalthough in certain cases there is an out-of-equilibrium analogue. Strong correlations induced by interactions lead to profound deviations from shot noise in the highfield regime, since charge is no longer carried in independent packets. One might anticipate, however, that a technique which gives a unified description of the Johnson-and shot-noise regimes may be applied to nonequilibrium, strongly interacting systems.
Here we apply the Boltzmann-Langevin approach to the study of strongly interacting, quantum critical bosons. In particular, we consider the superfluid to insulator transition of two-dimensional bosons with particle-hole symmetry. We use a Boltzmann-Langevin [7, 8] approach within a 1=N expansion [10] to analyze current noise near to this transition. The system is considered to be in thermal contact with a substrate. This, in conjunction with the internal scattering in the system, leads to a uniform, nonequilibrium, steady-state distribution, provided that the length of the sample is greater than the correlation length [5] . This situation is quite different from that considered elsewhere, where the only coupling to the outside world is through the leads. It permits the current-noise properties to be entirely determined by the internal scattering and so to be universal.
Field theory.-The critical region of the symmetric superfluid to Mott insulator transition phase diagram is described by a charged scalar field with a quartic interaction [1, 2] :
where is a complex scalar field and is its conjugate momentum. These satisfy the usual commutation relations x; t; y; t ix ÿ y. We choose the bare interaction to have its fixed point value u 3ÿd , with momentum cutoff [1] , although we will not need the precise, regularization-dependent, value. At the zerotemperature critical point, the renormalized mass is zero, which corresponds to a particular choice m of the bare mass. The effects of applying an electric field E are included by minimally coupling to a vector potential; r ! D r ieA=@. We choose the gauge A Et. This is equivalent to a contact-free measurement (for example, by placing the system on a cylinder and inducing an electromotive force on its surface by uniformly increasing the flux through it). We believe that our results carry over unchanged to the case with good contacts at the ends.
The normal modes of this Hamiltonian (in the absence of interaction) are charge-density fluctuations. These occur with positive and negative charges, corresponding to a decrease or increase in charge density of the superconductivity from the average. We determine the current fluctuations near to the critical point by considering a Boltzmann equation for the occupation of these modes. We use a y and a to represent the creation and annihilation, respectively, of positively charged density fluctuations and b y and b for negatively charged fluctuations.
The Boltzmann equation within a 1=N expansion of the Hamiltonian (1) is given by [2, 11] 
The first term on the right-hand side of this equation, Srf, is the appropriate 1=N expansion of the scattering integral [2, 5, 10] . The second term describes the production of particle-antiparticle pairs by the electric field through the Schwinger mechanism or Zener tunneling. This latter process is unimportant in the low-field limit but crucial in determining the correct high-field behavior [5] .
fk; t Z dqha y kq=2 ta kÿq=2 ti denotes the distribution function, with a similar distributionfk; t for the negatively charged modes. Particle-hole symmetry implies the relation fk; t fÿk; t. We restrict our explicit consideration to the positively charged channel with final expressions including the negatively charged channel through appropriate factors of 2. Before turning to a discussion of current fluctuations, we first review what is known about the solution of this Boltzmann equation in the high-and low-field limits. Near to the quantum critical point, all of the intrinsic energy scales of the system-and, in particular, those contained in the scattering integrals-renormalize to zero. The only remaining energy scales are those that are imposed externally. This is a recurring theme, which impacts upon both the form of the steady-state distribution PRL 97, 227003 (2006) P
H Y S I C A L R E V I E W L E T T E R S week ending 1 DECEMBER 2006
227003-2 functions and the fluctuations about them. In thermal equilibrium, the energy scale is provided by the temperature, and the distribution function is the usual Bose function of k =k B T-k being the energy of a normal mode with momentum k. In the high-field limit, the Schwinger source term [12] provides an energy scale / eE=@c p . For later convenience, we make the suggestive identification of an effective temperature scale T eff E @ceE p =k B 2 =4. The low-field, thermal-equilibrium, distribution function is just that -a thermal Bose distribution. In Ref. [2] , Damle and Sachdev calculated the leading corrections to this under the application of an electric field, in order to deduce the current-and, hence, the conductivity-in this low-field limit. They found that the leading corrections scaled as @ceE=k B T 2 . On general grounds, corrections to higher order in field are expected to accumulate in powers of @ceE=k B T 2 . Between the low-and high-field limits, therefore, the distribution function is a function of the ratios between T, T eff E, and k . This scaling of the distribution function, and the lack of energy scale in the scattering integral, is sufficient to determine our main results for the field and temperature dependence of current noise. Prefactors to scaling require detailed calculations which will be communicated elsewhere.
The Boltzmann-Langevin equation is an equation describing the stochastic evolution of fluctuations f q r; t in the distribution function about its equilibrium or steady state. In the present case, it is given by
where we have used an Einstein convention with implied integration over the momentum label q. The position and time labels of f k r; t and q r; t have been suppressed for compactness. The time and momentum derivatives on the left-hand side of Eq. (3) follow directly from the Boltzmann equation (2) . The first term on the right-hand side is the linearized form of the scattering integral contained in Eq. (2); the kernel k 1 ÿ M kq describes in k 1 kq -and out k M kq -scattering processes. The second term is a stochastic term describing fluctuations in occupation number. It is determined by assuming that the scattering processes are independently Poisson distributed [13] . Under this assumption, the quadratic correlations of q r; t are given by [14] h q r; t q 0 r 0 ; t 0 i 2 r;r 0 t;t 0 q 0 f q 1 f q 1 ÿ M q 0 q :
The factor of 2 comes from the contributions of in-and outscattering processes. Current fluctuations may be calculated using the Boltzmann-Langevin equation as follows: First, we determine the local fluctuations in occupation. In the limit of long times and long length scales, we may neglect the derivative terms on the left-hand side of Eq. (3). The fluctuation in the distribution function is then given by
which may be solved for f. This result for f may be used to calculate the current fluctuations through
where v k @ k k . Using the noise correlations from Eq. (4), after some algebra, we obtain the following expression for the correlation of current fluctuations [14] :
hj r; tj r 0 ; t 0 i ; r;r 0 t;t 0
This result should be compared with that for fermions [6] , where the Bose enhancement factor f 1 is replaced by a Fermi factor 1 ÿ f. The low frequency current noise S j can now be expressed as
Current fluctuations.-Our main results for the scaling of current fluctuations may be deduced by a scaling analysis of Eq. (7), using the scaling of the distribution function in its various limits, and the absence of energy scale in the scattering integrals at the critical point.
In the low-field limit, the distribution is a function of q =T. Rescaling all of the momentum integrals in Eq. (7) by T gives S T j / T. Note the dimensions of q ! cq and 1 dq ÿ1 . In the high-field limit, the distribution is a function of q =T eff E, and a similar scaling analysis of Eq. (7) gives S E j / T eff E / E p . Finally, since the corrections to the distribution function away from thermal equilibrium may be expanded in powers of T eff E=T, the current noise is expected to be given by a universal scaling function
with low-field limit x ! 0 const and high-field limit x ! 1 const x. The determination of the constant prefactors in the high-and low-field limits of this scaling function requires detailed calculation. The functions q and M k;q determining the scattering integrals may be deduced within a 1=N expansion both in thermal equilibrium [2, 10] and in the high-field limit [5] . The integrals in Eq. (7) may be carried out using these combined with the explicit forms of the distribution functions. In the low-field limit, we obtain x ! 0 4 T , where T 0:2154e 2 =h is the universal conductance found in thermal equilibrium [1, 2] . This is in accord with the equilibrium
week ending 1 DECEMBER 2006 227003-3 fluctuation-dissipation relation -as, of course, it must be. In the high-field limit, we obtain x ! 1 4 E x, where E N=8e 2 =h is the large-field, out-ofequilibrium conductivity [5] . The reasons for our rather curious choice of numerical prefactor in the definition of T eff E can now be seen. With the present choice, the highfield current noise may be written in the form S j 4 E T eff E, reminiscent of the thermal-equilibrium form demanded by the fluctuation-dissipation relation. Our choice of T eff E allows an identification of an out-ofequilibrium analogue of the fluctuation-dissipation relation.
Discussion.-As we have seen above, the scaling of current noise with field and temperature is ultimately due to the vanishing of internal energy scales at the quantum critical point. The only remaining energy scales are those imposed externally through the temperature of the environment or by applied fields. Although the high-field noise cannot be unambiguously identified as either Johnson noise or shot noise, it is nevertheless revealing to make a comparison with these limits. We have already anticipated the comparison with Johnson noise by our identification of an effective temperature T eff E. From this perspective, our calculation is a microscopic derivation of the out-ofequilibrium analogue of the fluctuation-dissipation relation. Comparison with shot noise is more difficult. The large-field current noise (S j / E p ) is dramatically reduced compared with the linear E-field dependence of shot noise expected for uncorrelated charge carriers. It is tempting to ascribe this to an effective charge of carriers near to the quantum critical point proportional to 1= E p . This effective charge shows a dramatic divergence as one approaches the quantum critical point, reflecting the strong correlations of the system. Whether this picture can be carried through requires an analysis of higher order statistics of the current noise [9] .
We have concentrated in this Letter upon the theoretical analysis of current fluctuations. We have shown how they may reveal aspects of quantum critical scaling that are complementary to those revealed by response functions in the high-field limit. How do these effects impact upon experiment? There are a variety of systems where one might expect our analysis to apply and where, consequently, measurement of current noise is expected to be a useful tool. Examples include the SI transition in thin films such as MoGe and the SI transition at the underdoped side of the high-temperature superconductor phase diagram. These results may also apply, mutatis mutandis, to fractional quantum Hall plateau transitions. A rough estimate of the magnitude of this effect in a physical setting such as the SI transition in MoGe thin films [15] may be obtained by neglecting the effect of disorder and taking E 0:5 V=m and c v F 10 6 m=s. We obtain T eff 400 mK, which is an order of magnitude larger than experimentally accessible temperatures, meaning that the current noise is enhanced over its thermal value.
In conclusion, we have considered the current noise at the two-dimensional, z 1 superconductor to insulator quantum critical point. We find that this noise follows a universal scaling function S j TT eff E=T, with T eff @ceE p 2 =4k B . This scaling function recovers Johnson noise in thermal equilibrium and crosses over to an unusual E p -dependent nonlinear shot noise or nonequilibrium Johnson noise at high fields. This is a particular case of a more general E z=1z scaling expected for highfield current noise. In this way, current noise may reveal the universal nonlinear scaling exponents predicted near to quantum phase transitions.
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